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Abstract 

The paper estimates the rate of convergence of the weak Euler approximation 
for solutions to SDEs driven by point and martingale measures, with Holder 
continuous coefficients. The equation considered has a non-degenerate main 
part whose jump intensity measure is absolutely continuous with respect to 
the Levy measure of a spherically-symmetric stable process. It includes the 
nondegenerate diffusions and SDEs driven by Levy processes. 
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1. Introduction 

In this paper we consider the weak Euler approximation for solutions to 



SDEs driven by point and martingale measures. It is a continuation of 15] 
where some Markov ltd processes were approximated. Let a € (0, 2] be fixed. 
In a complete probability space (fi, J 7 , P) with a filtration F = {J r t}te[o,T\ 
of cr-algebras satisfying the usual conditions, we consider an F- adapted d- 
dimensional stochastic process X t ,t £ [0, T], solving for t € [0, T] 

X t = X + f "' a a {X 8 J)ds+ f 'b a (X s -)dW s (1) 
Jo Jo 

+ / c(X s _)h a (X s _, -^-)yp (ds,dy) 

Jo J\y\>i \y\ 

+ / c(X s -)h a (X 8 -,7-r)yqo(ds,dy) 

Jo J\y\<i \y\ 



\y\t 

+ l a (X s -,v)p(ds,dv) + / / l a (X s -,v)q(ds,dv), 

Jo Jui Jo JUi 
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where Wt,t G [0,T], is a d-dimensional F-adapted standard Wiener process, 
Po(dt,dy) and p(dt,dv) are independent Poisson point measures on [0,T] x 
R# (R# = R d \{0}) and [0, T] X U respectively with 

dy 

q (dt,dy) = p (dt,dy) - rr^ dt, 
q(dt,dv) = p(dt, dv) — ir(dv)dt, 



being the corresponding martingale measures and 




b a (x) = l {a=2 }b(x), 



The coefficient functions a = (a*)i<j<d,a G [l,2],c = (c l3 )i<ij<d,h a ,a € 
(0,2), and b = (& Jjf )i<ij<d, a = 2, are measurable and bounded, i:(dv) is 
a non- negative <r-finite measure on a measurable space (U,U): there is a 
sequence U n 6 U such that U = (J ra U° and 7r(L^) < oo for each n. We 
assume that l a , a G (0, 2] is measurable and J v \l a (x, v)\ a Tr(d, v) is bounded. 
A class of strong Markov processes satisfying ([T]) is constructed, for example, 
in [H (see references therein as well). In particular, (pQ) covers a large 
class of SDEs driven by Levy processes (see subsection 2.3 below). 

The process defined in (PQ) is used as a mathematical model for ran- 
dom dynamic phenomena in applications from fields such as finance and 
insurance, to capture continuous and discontinuous uncertainty. It natu- 
rally arises in stochastic differential equations driven by Levy processes as 
well (see subsection 2.3 below). For many applications, the practical com- 
putation of functionals of the type F = Eg(X^) and F = E j Q f(X s )ds 
plays an important role. For instance in finance, derivative prices can be 
expressed by such functionals. One possibility to numerically approximate 
F is given by the discrete time Monte-Carlo simulation of the ltd process X. 
The simplest discrete time approximation of X that can be used for such 
Monte-Carlo methods is the weak Euler approximation. 

Let the time discretization {rj,z = 0, . . . ,tit} of the interval [0, T] with 
maximum step size 8 £ (0, 1) be a partition of [0, T] such that = tq < 
Ti < ■ • ■ < t Ut = T and maxj(rj — Tj_i) < 5. The Euler approximation of 
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X is an F-adapted stochastic process Y = {lt}t e [o,r] denned for t S [0, T] 
by the stochastic equation 



Y t = X + f [ c(Y T Jh a (Y Tis ,jL)yp (ds,dy) 

Jo Jrj, \y\ 

+ So I la ( Y ^i v M ds > dv ) if " G (0,1), 

Yt = X + f a (Y T Jds+ f I c(Y T Jh a (Y Tt3 ,jL)yp (ds,dy) (2) 
JO Jo J\y\>l \y\ 

+ [ [ c(Y Tis )h a (Y Tis ,-^-)yq (ds,dy)+ [ [ l a (Y Tis , v)p(ds, dv) if a = 1, 
Jo J\y\<l \y\ Jo J 

Y t = X + [ a(Y T Jds + [ [ c(Y Tis )h a (Y Tis ,fr)yq (ds,dy) 

Jo Jo jr,i \y\ 



+ / l a {Y Tls ,v)q{ds,dv)+ / l a (Y Tis ,v)p(ds,dv) if ae (1,2) 
Jo JUi Jo Jv{ 

Y t = X + ! a(Y T Jds+ I b(Y Tis )dW s 
Jo Jo 

+ l 2 (Y Tis ,v)q(ds,dv)+ / l 2 (Y T . s ,v)p(ds,dv) if a = 2, 

Jo JVx Jo Jul 

where Tj s = T{ if s € [r^, Tj + i), i = 0, . . . , ht— 1- Contrary to those in ([1]), the 
coefficients in ([2]) are piecewise constants in each time interval of [rj,Tj + i). 

The weak Euler approximation Y is said to converge with order k > if 
for each bounded smooth function g with bounded derivatives, there exists 
a constant C, depending only on g, such that 

\Bg(Y T )-Bg(X T )\ <C5 K , 

where 5 > is the maximum step size of the time discretization. 

The cases in which the coefficients are smooth, especially for diffusion 
processes (a = 2, it = 0), have been considered by many authors. Milstein 
(see l(i|, 17]) was one of the first to study the order of weak convergence for 
diffusion processes ([8|) with a = 2 and derived k = 1 . Talay in 2l|, |22| inves- 
tigated a class of the second order approximations for diffusion processes. 
For ltd processes with jump components, Mikulevicius &: Platen showed the 
first-order convergence in the case in which the coefficient functions pos- 
sess fourth-order continuous derivatives (see [10]). In Platen and Kloeden 
& Platen (see @, 03] ) , not only Euler but also higher order approximations 
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were studied as well. Protter and Talay in 20(] considered the weak Euler 
approximation for 

X t = X + f C{X s J)dZ s ,t G [0,T], (3) 
J o 

where Z t = {Z}, . . . , Zf 1 ) is a Levy process and C = {C l ^)i<i< l i,i<j<m is a 
measurable and bounded function. They showed the order of convergence 
K = 1, provided that c and 5 are smooth and the Levy measure of Z has 
finite moments of sufficiently high order. Because of that, the main theorems 
in do not apply to (|8|). On the other hand, ([T]) with non-degenerate 
c(x),x G R rf , do not cover ([3]) which can degenerate completely. 

In general, the coefficients and the test function g do not always have 
the smoothness properties assumed in the papers cited above. Mikulevicius 
&: Platen (see [111 ]) proved that there is still some order of convergence of 
the weak Euler approximation for non-degenerate diffusion processes ((JH|) 
with a = 2) under Holder conditions on the coefficients and g. In Kubilius 
& Platen [jj], Platen & Bruti-Liberati [lfj] a weak Euler approximation was 
considered in the case of a non-degenerate diffusion processes with a finite 
number of jumps in finite time intervals. 

This paper is a follow-up to [la ], where Xt was a Markov Ito process solv- 
ing a martingale problem. In this paper, we derive the rate of convergence 



for ([!]) under /3-H61der conditions on the coefficients. As in [15j (see 2l( as 



well), we use the solution to the backward Kolmogorov equation associated 



with X t and the one-step estimates derived in [15 1. 

In the following Section 2, we introduce assumptions and state the main 
result. In Section 3, we present the essential technical results. The main 
theorem is proved in Section 4. 



2. Notation and Main Result 

2.1. Notation 

Denote H = [0, T] x K d , N = {0,1, 2, . . .}, Rg = R d \{0}. For x, y G H d , 
write (x,y) = Eti^iVi, \x\ = V / K^) and \B\ = £ti \B%B G K dxd . 

Let S^ -1 denote the unit sphere in R d , with being the Lebesgue 
measure on it. 

C£°(H) is the set of all functions u on H such that for all t G [0, T] 
the function u(t, x) is infinitely differentiable in x and for every multiindex 
7 G N d , 

sup \d%u(t, x)\ < 00, 
(t,x)eH 
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where 



d%u(t, x) 



d\"l\ 



-u(t, x). 



drtixi...drtd Xd 

C^°(G) is the set of all infinitely differentiable functions on an open set 
G C R d with compact support. S(R d ) is the Schwatz space of rapidly 
decaying smooth functions. 
Denote 



d t u(t, x 
diu(t, x 

dfju(t, x 

d x u(t, x 
d k u(t,x 



d_ 

at 

_d_ 

dx 
d 2 



u(t, x), 
u(t, x), i = 1, . . . , d, 

u(t,x),i,j = l,...,d, 



dx ^ x j 



Vu(t, x) = (diu(t, x),..., d d u(t, x)) , 

(d^u(t,x)) bl=k ,keN. 



For a € (0,2), write 

\d\ a v(x) 



d 

d\ 2 v(x) = Av(x) = J2dlv(x)- 



i=i 



where T denotes the Fourier transform with respect to x G R d and J 7 1 is 
the inverse Fourier transform, i.e., 



MO 



f e-^Mx)dx, T- l v(x) = * [ 

Jr* ( 27r ) JR.* 



AM 



v(£)d£. 



C = C(-, . . . , ■) denotes constants depending only on quantities appear- 
ing in parentheses. In a given context the same letter is (generally) used to 
denote different constants depending on the same set of arguments. 

2.2. Assumptions and Main Result 

Assume m a (x,y) = \h a (x, y)\ a , x, y G H d ,a G (0,2), and its partial 
derivatives dym a (x,y), \ j\ < do = [|] +1 are continuous in (x,y). Moreover, 
m a (x,y) is homogeneous in y with index zero, and mi(x,y) is symmetric in 
y: mi(x, —y) = mi(x, y), x G H d , y G S"* -1 . 
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For p = + {/3} + > 0, where [/3}~ G N and {/3} + G (0, 1], let C?(H) 
denote the space of measurable functions u on H such that the norm 

ii |^ 7 f . \ | , \8%u(t,x) - 82u(t,x)\ 

\U\p = > SUP |<9>(t,x)| + SUP : —j^ , 

| 7 §jfl- | 7 | = [/3]-,i,x^ 

if{/3}+ G (0,1), 



\<i 



1/3 = S sup I^M*' 35 )! 



l7l<[/3]~ ^ ,a; ) 6H 

[gufo x + h) + agu(t, x - h) - 282u(t, x) i 
\y\=[/3]-,t,x,h^0 \h\W} + 

if{/3}+ = 1, 

is finite. Accordingly, C^(R d ) denotes the corresponding space of func- 
tions on K d . The classes C p are Holder-Zygmund spaces: they coincide 
with Holder spaces if £ N (see 1.2.2 of 0). 

Define for /?=[/?] + {^} > with [0\ G N, {/?} G (0, 1), 

= l{ae(0,2)}|c|/3 + l{ae[l,2]}|o|j8 + l{a=2}|£|/3 

+l {aG (o,2)} sup |a>W(-,y)| /3 . (4) 
l7l<^o,|y|=i 

We make the following assumptions. 

Al (i) There is a constant \i > such that for all x G R d and |£| = 1, 

(B(x)£,0 > M, if « = 2, 
/ 1(^,01°^^,^)^ > jU, if a G (0,2), (5) 

where = b(x)*b(x),x G R d ; 
(ii) It holds that 

lim sup / \l a (x,v)\ a i:{dv) = 0, if a G (0,2]. 

IT,— >0O ™ /rx 



A2(/3) It satisfies that M^ q) < oo, inf x | det c(x)| > 0, and 

m w 
(l^(t;)[|/ a (x,T;)r + l { ^ 1} ^(|^/ Q (x,z;)r + |^/ a (x,t>)|- Va )] 

3=1 

[/?] [ffl 

+1^( V ) [|Z Q (x,z;)r A1 A 1 + 1 {/3 > 1} ]T(|^ Q (^)I + |^'z( Q )(x,z;)|-)] }vr(^) 

j'=i 

< K, 



s 
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A3(/3) For all x, x' G R d , 

f [\l a (x,v) - l a (x',v)\ a + \d^l a (x,v) - d^l a ( X ',v)\ a ]TT(dv) < C\x - [1,2], 

There exists /?' such that /3<a + /3'<a + /3 and for all x, x' G R rf , 

1{/3>1} / (\la(x,v)-l a (x',v)\^'-^ M Al) 

X ^(|^'/ a (x^)r V1 + \&l a {x,v)\-T ya )TT{dv) 
3=1 

< C\x-x'f-W, 

[ [\l a {x,v)-l a {x',v)\^'-^ Al] 

[/?] [fl 
i=i 

A4(/3) For f3 > l,x,x' G R rf , 

1 {/3>i>yZ / - 9^ a (x',f)|7r((if) 

,=i M c 



FT 



and 



+ ( / \dH a {x,v) -d j l a (x',v)\^ir(dv) 
< C\x-x'f-W, 



m , r n±ai 

!{/3>i} E(/ l^^(x,t>)-W a (x',z;)r v V(^)) a 

„■ — 1 J U\ 



3=1 

\&l a {x, V ) -&l a ( X >,v)\ U ?" 'ir(dv))^' " 



+ E( / \dn a ( x ,v) - dn a (x',v)\ [ f Va 7r(dv)) wA « 

3=1 1 

< C|x-x'|^. 
The main result of this paper is the following statement. 



Theorem 1. Let a G (0,2], f3 > 0,/3 ^ N. Assume Al-A4(/3) hold. Then 
there exists a constant C such that for all g G C Q+/3 (R d ), / G C^(R d ) 

\Eg(Y T )-Bg(X T )\ < C\g\ a+P 5 K ^\ (6) 

|E / f(Y T Jds-E[ f(X s )ds\ < C\f\p8<^\ 
Jo Jo 

where 

L /?<«, 



«(«,/?) 



1, (3 > a. 



Remark 2. 1. The second condition of Al(i) holds with some constant 
\i > if, for example, there is a Borel set T C S d ~ l such that 
Md-lCO > and inf^gj^d ^gp mQ,(x, > 0. 
2. T/ie assumptions Al-A4(/3) guarantee that the solution to the back- 
ward Kolmogorov equation associated with Xt is (a + f3)-Holder. If 
a = 2 and the operator is differential, the assumptions imposed are 
standard classical. The regularity of the solution determines the rate 
of convergence of a weak Euler approximation. 

2.3. SDEs driven by Levy processes 

Let Z° = Z®, t G [0, T], be a standard d-dimensional spherically-symmetric 
a-stable process (see (fT2j) for the definition) with jump measure po and 
martingale measure go> an d let Zt = (Z^,...,ZJ a ) be an independent Tri- 
dimensional Levy process defined by 

Z t = j j g a (v)p(ds,dv),a £ (0,1), 

Zt = / / g a (v)q(ds,dv) + / / g a (v)p(ds, dv), a = 1, (7) 
Z t = / g a (v)q(ds,dv),a G (1,2], 



o 



where g a = (g l a )i<i< m is a measurable function on J7 and 



ba(u)| Q 7T(du) + l{ a e(l,2)} / |5a(^)k(^) < °0- 

Consider for t G [0, T], 

^ = A + / c{X s ^)dZ° s + I C(X s -)dZ s ,t G [0, T],a G (0,2), (8) 
io jo 

X = A + / a 2 (A s )ds + / 6(X s )aW s + / C(X s _)dZ s ,a = 2, 
Jo Jo Jo 
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where c[x) = (c y (x))i<ij<d, C(x) = {C lj (x))i<i< d) i<j< m ,x G R d , are mea- 
surable and bounded. Assume that c is non-degenerate with inf x det \c(x)\ > 
0. Obviously, ([8]) can be rewritten as 

X t = X + [ I c(X s -)yp (ds,dy) 



Jo JK$ 

+ J J C(X s _)g a (v)p(ds,dv) if a G (0,1), 
X t = X + / / c(X s _)yp (ds,dy) + / / c(X 8 J)yq (ds,dy) 

JO J\y\>l JO J\y\<l 

+ f [ C{X s _)g a {v)q{ds,dv) + f [ C(X s _)g a (v)p(ds, dv) if a = 1, 

Jo Jv x Jo Jul 

X t = X + f f c(X s _)yq (ds,dy) 
Jo JRg 

+ / / C(X^)g a (v)q(ds,dv) + f [ C(X s _)g a (v)p(ds, dv) if a G (1, 2), 
Jo Jui Jo Ju{ 

X t = X + f a(X s )ds+ [ b(X s )dW s 
Jo Jo 

[ [ C(X s „)g a (v)p(ds,dv)tfa = 2, 
Jo Jut 



+ / / C(X s -)g a (v)q(ds,dv) + 
Jo Ju x 

Applying Theorem Q] to ([8]) we obtain easily the following statements. 

Proposition 3. LetX t ,t G [0,T] satisfy inf x£ - R d |detc(x)| > 0,inf a . gR d |det6(x)| > 
0. 

For a G (0, 1), we assume j3 G (0, 1), a + /3 > l,c lj ,C ij G C^(R d ) and 



[\g*(v)\ + \g a (v)\ a ]n(dv) <oo. 
For a G [1,2), we assume (3 ^ 1,(3 < 2, a,c ij ,C ij G C fi (R d ) and 

[\9a(v)\ a + \g a (v)\ a+[ ®]ir(dv) + [ [\g a (v)\ + \g a (v)\ 1+ ^]7r(dv) < oo. 
U x Jul 

For a = 2, we assume (3 < 3, (3 <£ N, a, b, C ij G C /3 (R d ) and 

ga(v)\ 2 + \ga(v)\ 2+ W]ir(dv)+ [ [\g a (v)\ + \g a (v)\ l +^Mdv)<oo. 
Uj Jui 



Then there exists a constant C such that for all g G C a+l3 (R d ), f G C /3 (R d ) 



\Bg(Y T )-Bg(X T )\ < C\g\ a+P 6* 



Al 



|E / f(Y Tis )ds--E ! f(X s )ds\ < C\f\^ A1 . 
Jo Jo 

Remark 4. Proposition improves the rate of convergence for diffusion 
processes in [U( with j3 G (1,2). Under the assumption of Proposition^ 
{with a = 2, C l ° = 0), it was derived in ll| that the convergence rate is of 
the order ^ < k(2,P) = § if (3 E (1, 2). 

3. Backward Kolmogorov Equation 

To determine the form of the backward Kolmogorov equation associated 
with Xf in ([I]), we find the compensator of the jump measure of X first. 

Lemma 5. Let p x be the jump measure of Xt in ([!]). Then 

q X (dt,dy) =p x (dt,dy) = m a (X t -,^)j^^dt+ J l dy (l a (X t -,v))ir(dv)dt 

is a martingale measure, where 

V 1 1 c ( x )~ 1 ri 

|y| | detc(x)| |c(x) i |fyr +a |c(x) 



Proof. Since £>o an d p have no common jumps, for any t and T G £>(R| 



0)i 



/((0,i]xr) = Vlr(AX t )= / / l r (c(X s _)/ lQ (X s _,/ r )y)p (^,dy) 

^ 7o Jn$ \y\ 

+ 11 l r {l a {X s -,v))p(ds,dv), 
Jo Ju 

with AX t = X t — X t -,0 < t, T G £>(Rq). Passing to polar coordinates and 
changing the variable of integration twice 

l r {c(x)h a (x, ^-)y)-^— 

\y\ \y\ + 

l T (c(x)h a (x,w)pw)p, d _ 1 (dw)-^- 

JS^ 1 P 



oo 



h a (x,w) a dp 
l r [cWpw)^! {dw) -j^ 



o is"*- 1 P 
h a (x,^) a dy 



[ lr(c(g)y) - ' ^ - = / lr(y)m«(a;, A) r §r^ 

jRg M + Jr^ |y| |y| + 
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The statement follows. ■ 
For u € C a+ P(H), denote 

A^u(t,x) = u(t,x + y) -u(t,x) -x (a) (y)(Vxu(t,x),y), 
where x {a) {y) = 1 {\y\<i} 1 {a=i} + l{ae(l,2)}- Let 



A ( ^u(t,x) = l {a=1} ( ai (z),V x u(t,x)) + ^l {a=2} ^ B ij (z)df j u(t,x) 

+ L A ^ u{t ' x) ^ a(z 'W\ ) JyW' x ' zGRd ' (9) 

A {a) u(t,x) = A x a) u{t,x)=Af ) u{t,x)\ z=x ,xen d . 
Let 

Bi a) u(t,x) = l {ae n 2 n(a(z),X7 x u(t,x))+ [u(t,x + l a (z,v)) - u(t,x) 

Ju 

- 1 { a e(i,2}} 1 u 1 {v)(^xu{t,x),l a (z,v))]Tr(dv), (10) 
B {a) u(t,x) = B x a) u(t,x) = B{ a) u(t,x)\ z=x ,x G H d . 

Remark 6. Under assumptions Al-A4(/3), for any (3 > 0, there exists a 
unique weak solution to equation (HJ and for every u E C a+l3 (R d ), the 
stochastic process 

u{X t ) - [\aW + B {a y)u(X s )ds (11) 



is a martingale (see [13l]). The operator = A^ +B^ is the generator 
of X t defined in dU; A^ is the principal part of and B^ is the lower 
order or subordinated part of . 

Remark 7. If = 1, (B l i) = I (d x d-identity matrix), a\(z) = 0, then 
A^ is the generator of a standard spherically- symmetric a-stable process 

Z t = J J yq z (ds,dy),ae (1,2), 

Z t = f I yq Z {ds,dy)+ f ( yp Z \ds, dy), a = 1, (12) 
Jo J\y\<l JO J\y\>l 



Z t = ^ J yp z {ds,dy),ae (0,1), 
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where p z (ds, dy) is the jump measure of Z and 

dyds 



'(ds,dy) =p (ds,dy) 



\y\d+a 



is the martingale measure; Z% is the standard Wiener process if a = 2. 

We consider in Holder-Zygmund spaces the backward Kolmogorov equa- 
tion associated with X t (see 21], [3]): 

(d t + A^+B^-X)v(t,x) = f(t,x), 

v(T,x) = (13) 

with A > 0. The regularity of its solution is essential for the one step 
estimate that determines the rate of convergence. 

Definition 8. Let f be a bounded measurable function on H d . We say that 
u G C a+l3 (H) is a solution to $T$, if for each (t,x) G H, 

u(t,x) = / + -A) u(s,x) — Xu(s,x) + f(s,x)]ds. (14) 
Jo 

Theorem 9. Let a G (0, 2], /3 > 0, /3 £ N, and f G C P {H). Assume 
Al-A4(/3) hold. Then there exists a unique solution v G C a+/3 (H) to f|13fl . 
Moreover, there is a constant C independent of f such that 

\u\ a +p < C\f\p. 

An immediate consequence of this theorem is the following statement. 

Corollary 10. Let a G (0,2] and (3 > 0,/3 £ N. Assume Al-A4(/3) hold, 
f G C^(H), and g G C a+ ^(R d ). Then there exists a unique solution v G 
C a+l3 (H) to the Cauchy problem 

{d t + A^+B^)v(t,x) = f(x), (15) 
v(T,x) = g(x), 

and \v\ a+ i3 < C{\f\p + I^Iq.^^) with a constant C independent of f and g. 

To prove Theorem [9] and Corollary [TOj we first derive Holder norm esti- 
mates of A^f and B^f, f G C a+/3 (H d ), (3 > 0, and an auxiliary lemma 
about uniform convergence of Holder functions. 



12 



3.1. Kolmogorov Equation with Constant Coefficients 

Let B = (B^)i<ij<d be a non-negative definite non-degenerate matrix. 
Let r a (y) be homogeneous with index zero and differentiable in y up to the 
order do = [d/2] + 1 and 



/ wr 1 {w)n d _ 1 {dw) = 0,r 2 = 0. 



Let 

A° a u(x) = 1 {Q=2 }-B* J ^«(«) + l{a=l}Ol^«(») + / N X + 2/) - "fa) 
-(l{| y |<l}l{a=l} + l{l<a<2})(Vu(x),I/)]r a (j/)|^j^. 
In terms of Fourier transform, 

where 

€(0 = ~N f |(u;,0| a [l-^(l { ^i } tan^sgnKO 
2 

l {a= i } sgn(u;,£)ln|(^OI)FaM/^-i(^) 

7T 

-*l{a=l}(oi.O - l{a=2}(-B£,0> 

where ai G R d . We will need the following assumptions. 
B. (i) There is a constant jJL > such that for all |£| = 1, 

(B£,0 > fi, if a = 2, 
/ IKOrraH^d-iCdw) > M, if a G (0,2); 
(ii) There is a constant K such that 

|oi| + |B|+ sup \8Pr a (y)\<K. 

h\<d ,ye~R d 

Consider for A > the Cauchy problem 

d t u(t,x) = A° a u(t,x) - \u(t,x) + f(x), (t,x)eH 
u(0,x) = 0, x G R d . 



(16) 



We will solve this equation for / G C£°(R rf ) and pass to the limit. The 
following approximation statement is needed. 
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Lemma 11. Let ft > 0, / G C^(R ). T/ien i/iere is a sequence f n G 
C 6 °°(R d ) such t/iot 

|/n|/3 < 2|/|jg, I/)/? < liminf \f n \p, 

n 

and for any < (3 1 < f} } 

l/n - /|/3' 0, as n -s- oo. 

Proof. By Lemma 6.1.7 in 0], there exists a function E Cg°(R d ) such 
that suppc/>(£) = {£ : | < |f | < 2}, 0(C) > 0, if 2" 1 < [£| < 2, and 

oo 

^ 0(2-^) = l,if£^O. 

j=-oo 

Define functions V9 fc G <S(R rf ), A; = 1, 2, ... by 

^ fc = <P(2- k 0, (17) 

and V9 E S(R d ) by 

^0 = 1-^^(0- (18) 

fc>i 



We will use on C^(R d ) an equivalent norm (see see 2.3.8 and 2.3.1 in 23] 

|/U;oooo= SUp 2^ k *f(x)\. 
k>0,xeR d 

Obviously, f n G C b °°(R d ). Let 

fn = ^ / l Pk*f: n > !• 
fe=0 

Since 

l 

^fc = J] * ^' = (¥>o + ¥>i) * ¥>o> 
l=-i 

we have for large n, 

fn*<fk = f* i Pk, k < n , 
fn*H> n = f * t Pn~ f * Vn+l * </>n> 
fn *f n +l = f* l Pn* t Pn+lJn*fk=0,k>n+l, 
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and the statement follows. 

|/n| / 3<2|/|^,|/|^<liminf|/ n | /3 , 

and for any < /3' < (3 

\fn ~ /V;ocoo < 2SUPSU P 2 /3 ' A; |^*/(X)| 

k>n x 

< 2-2-( /3 - /3 ') n supsup2' 3fc |^*/(x)| ^0 

k>n x 

as n — >• oo. ■ 

Proposition 12. Zei a G (0,2], /3 > 0,/3 £ N,/ G C^(R d ). Assume B 
holds. Then there is a unique solution u £ C a+ ^(H) to and 

^ C|/l/3, 

where the constant C depends only on a, /3, T, d, /u, -KT. Moreover, 

< C(a, d)(A _1 A T)!/^, 
and £/iere is a constant C such that for all s < t < T, 

Ht,-)-u{s,-)\ a/2+p <C{t-s) x ' 2 \f\p. 
Proof. By Lemma [11] there is a sequence /„ G C b °°(R d ) such that 
|/n|/3 < 2|/|^, |/|^ < liminf |/ n |^, 

n 

and for any f3' < f3 

\fn ~ f\p -> 0,as n -> oo. (19) 

Then, by Lemma 7 in (l3 | for each n there is a unique u n G C£°(H) solving 
dl6]). Moreover, 

U n (t, X) = R\f n (t, X) = G X s t * f n (x)ds, 

Jo 

where 

G* t (x) = T- 1 exp { /" (r,f) - A)dr}, < s < t < T. 
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Since for any k < [f3], 

d k U n (t, X ) = f G X st *d k f n {x)ds = Rx{d k f n ), 

Jo 

it follows by Lemma 17 in |14l ] that for every j3 € ([/?], /3] there is a constant 
C depending only on a, /3', p, T, d, fj,, K such that 

\d k u n \ a+p ,_ m < c|a fc /n|^_ M (20) 

for all k < [/3]. Moreover, 

\O k u n \ 0/ _ m < c{a,d){\- 1 AT)\d k f n \p_ m 
and there is a constant C such that for all s < t < T, 

\d k U n (t, •) - U n (s, -)U/ 2+/9 < C(i - S ) 1/2 |9Vn|/3 

for all < \p]. Let < /3 < /3. Then, there is a constant C depending 
only on a, f3',T,d, fj,,K such that 

I u n I «+/?'-[/?] < C|/n|/3'-[^]- ( 21 ) 

Moreover, 

l n n|/3-[/3] < c(a, d)(\~ 1 A T)\f n \p_y3\ (22) 
and there is a constant C such that for all s < t < T, 

\ Un {t, ■) - U n ( S , .)\ a/2+p < C(t - s) 1/2 |/n|/3- (23) 

By Lemma [11] and ()19[) . there exists u S C a+ ^ (H) such that u n — > u in 
C<*+£'(#), Therefore u satisfies flUD with ,4° instead of £M. Since ([20]) 
holds with /?' = /3, the solution it E C a+ ^(H) and the statement is proved. 
■ 

5J.-Z. Estimates ofB^fJe C a+I3 

We will use the following equality for the estimates of B^ a \ 

Lemma 13. {Lemma 2.1 in [7]) For 5 € (0, 1) and u G C^R '), 

u(x + y) - u(ar) = K j fc(*)(y, *)0*u(a; - *)dz, (24) 

where K = K(5, d) is a constant, 

k®{y,z) = \z + y\- d+s - \z\- d+s , 
and there exists a constant C such that 

j \k^(y,z)\dz<C\y\ s ,Vy£R d . 
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First we prove the following auxiliary estimate. 

Lemma 14. Let A > l,r)(dv) be a nonnegative measure on U and let [i € 
Nq be a mutiindex such that n > \fi\, and Ylj=i -yj = fi with lj £Nj l7j / 
0, k > A. Then there exist numbers 9(X,j) £ [0,1] and a constant C such 
that for any nonnegative measurable functions l\ n . on U, 



I n km, s c n ( j n n Mj i ( ^ mxj) ( j v K,, 

<- °n{(/j^i*V^(/>/*)*}- 

In addition, there is a constant C such that 

J v II I'Vr, \dV<Cj2 J v [I'a >7j l^ VA + |iA, 7j f A ] 

Proof. If there is 7 J0 for which pj^j < A or ^-J > ^ (A > 1 in this case 

and there could be only one jj like this), then |//| — |7- Q | < |/i|(l — ^) and 
for 7j # 7 j0 

A < A H-l7j l < M < 
~ A - 1 |7j| " |7j| " ItjI" 
By Holder's inequality, 



< C\ J \h a . o \ x dr, + J J] |/a, 7 ,|^^], 



where E^ io 7j = /* - 7 jo and £ j#jo p^-, = 1. Hence, by H61der's 
inequality, 



lM|-|7 J() 



~T Ju 

37=30 



3 ¥"30 ' 
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and by the interpolation inequality there are 0(X,j) € [0, 1] such that 

[m^ * ( [j^/ d «f n ( h^^dn) 
* n(£M*)^(£fc*i***) 



A-l iTj 

a ImI -It 



jo 



If for all j, jj^y > A, then £V ^ = 1 and by Holder's inequality, 



17 J J 



n i^i^ < n( / iw^y 

< cW |Za, 7 ,|^^ 



< c ' 



Also, by interpolation inequalities, 



n(Xi'v, J i^)^ s n(Xi'v,,iS i(, "^(/j^i** I )^ w> - 

The statement follows. ■ 

Proposition 15. Let (3 > 0,(3 ^ N. Assume Al-A4(/3) ZioW. T/ien /or 
eac/i e > i/iere exists a constant C £ such that 

\B (a) f\l3 < e\f\ a+ p + C £ \fy_ m ,fe C a+ P(R d ). 

Proof. For 7 G Nfj, (7] < 6 R d , 

= 4 Q) 9 7 /(x)+ £ ^^/(x)^. 

For /i / 0, 

d^d v f{x)\ z=x 

= !{«>!}/ ^[^/(x + / Q (z,z;))-^/(x)-(V/(x),/ Q (z,t;))]| z=:E vT(dt>) 
+ J 9 a {v)d»d»f{x + l a {z,v))\ z=x Tr{dv) = T 1 (x) + T 2 (x), (25) 
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with 6 a (v) = l{ Q <i} + l{ a >i}l[/c(u), and 

B^d~<f(x) 

9 a (v) [8T>f{x + l a (x, v)) - dPf{x)] dn 



+!{*>!} / [d u f(x + l a (x, v)) - d v f(x) - (V/(x), l a (x, V))] 7T(dv) 
= S 1 (x) + S 2 (x). 

Estimates of S\. For any £ ([/3],/3) there is a constant C such that 

6 a (v)[dy(x + l a (x,v))-dy(x)}dir\ <C\f\p> f 9 a (v)\l a (x,v)\ aM A Idir. 

For x, x' € R d , 

IS^-S^x')! <S , ii + 5 , i2, 

where 

S U = J e a (v)\[Wf(x + l a (x,v))-dif(x)} 

-[dy(x' + i a (x,v))-dy(x')]\d^ 
S12 = j e a { v )\dy{x' + i a { x ,v))-dy{x' + i a {x\v))\dv. 

For (3' < (3, by assumption A3(/3), 

Si2 < C\f\p,[e a (v)\Al a (x,x',v)\( a +P'-W Al Aldir 
< C\x-x'f~W, 
with Al a (x,x' ,v) = l a (x,v) — l a (x',v). For each n, by Lemma [T3l 



5 



ii 



... + 

< l {a<1} / ||ara^/(x-z)-|5r^/(x-z)|^(/ Q (x,t;),z)^ 



+ |/|/ 3 |x-,' 



< C[|/| a+(3 l {a<1} sup / l a (x,v) a dTT + |/| 



' 3 l|x-x , | /3 - 
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Proof. Estimates of S 2 - Let a > 1. For g G C a+ ^\ denote 

Thg(x) = g(x + h) - g(x) - (Vg(x),h), 
D h Vg(x) = Vg(x + h) - Vg(x),x,h G R d . 

By lemma [TH] 

7^(z) = f (Vg(x + sh) -Vg(x),h)ds 
Jo 

For a > 1, 



Sz = Tu xv )d" f(x)it{dv) 

= {D s i a (x,v)Vd u f(x),l a {x,v))dsir(dv) 

JUx JO 

and for any $ G ([/3],/3), 

|5 2 (x)| < C|/| 0+/3 , | IkfotOrdTT < C|/| a+ ^. 
For x, x' G R d , a > 1, 



5 2 (x)-S 2 (x') = / [T ln{x , v) d»f(x)-T Ux , v) d»f(x')]dn 
JUi 



+ / [T la{x , v) d v f{x')-T la{xl , v) d v f{x')]d-K 

JVa 



*Ui 

= S21 + 5 , 22- 

Since for any /?' G ([/?], 

then by Holder's inequality, 

IS22I < C|/la + ^'(^ |A/ Q (x,x',t;)r^ 1/Q 
< C|/L +/3 '|/3-/3'|. 
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By Lemma [131 and (|26|) . for each n and j3' £ ([/?], there is a constant C" 
such that 

|5 2 i| < / / I \d a - 1 Vd v f(x -z)-d a - l Vd v f{x' -z)\ 
Ju n Jo J 

x Ik^ 01 " 1 ' (sl a (x, v),z)\ \l a (x, v)\dzdsn(dv) 
+ / \T laix , v) d u f(x) - T la{x , v) d v f{x')\dTt 

JUi_\U n 

< C\f\ a+ p\ X - X'f-W [ \l a (x,v)\ a d7T 

+C'\f\ a+ p\x-x'f-W [ (l + \l a ( X ,v)\)dn. 

JUi\U n 

Estimates of T\. If a > 1, then T±(x) = A\{x) + A2(x), where 

A 1 (x)= [ {Vd u f(x + l a (z,v))-Vd»f(x),d':i a (z,v))\ z=x dTr,x£ll d , 
JUi 

and A2(x) consists of the sum whose terms are of the form 
/ d» +K f(x + l a ) J] tV^dTT 

with the non-zero multiindices 7* € Nq such that ^ Kl ^o j = P an< ^ M — 
[«| > 2. 

Applying Holder's inequality, we have 



|Ai(x)| < C\f\ a+m (\l a (x,v)\Air- l \d^ a (x,v)\d7r 

< c\f\ a+m n {\i a {x,v)\MYdit) l ~n \d^i a (x,v)\ a dny /a 



< C\f\ a+m . (27) 



Obviously, 



[ d»+ K f(x+l a (x,v)) n d^l a (x,vydn\<\f\J' H \d^l l a (x,v)\dir. 
By Lemma 

r r 1 r m It*- I 

y n ^ 1 ^ ^ < c n [ ( y i^ 5 &r*r) + ( y i^&i i7} 1 ^ r 



^1 Ki ^0, k^OJ 7 1/1 

(*j')^(*o,io) 

21 



Hence, \A 2 (x)\ < C\f\p,x G R d .Thus there exists ft < /3 such that \T ± (x)\ < 
C\fy,xeR d . 

Now we estimate the differences. For x, x' G H d and a multiindex a, 
denote Ad a l a (x,x';v) = d a l a (x, v) -d a l a (x', v), v £ U. For any > + 

lA-^x) - A 1 (x')\ < \f\jf (|AZ a (x,x»| Al)\dgl a (x,v)\dir 

L JUi 



+ [ (\l a (x',v)\Al\)\Ad^l a (x,x';v)\dn 
JVx 



\f\p,[A 11 + A 12 }. 



Now 



A 12 < (jf (\l a (x',v)\ Al)^^) 1 |A^ a (x,x»| a dvr)" 

< (/ (\l a (x',v)\Al) a dny~ h (J \Ad^l a (x,x';v)\ a d7rY 

< C\x-xf-^. 
Obviously, 

A u = [ (\Al a (x,x';v)\AlWl a (x,v)\dTT 
JUi 

< ^l {| ^ ( ^ Kl} (|A^(x,x>)|Al)|^ a (x,r;)|dvr 
+ 1 l {|flffla(!e>w)|>1 }(|AI„(x > x';i;)|Al)|^Z a (x > t;)|d7r. 



By Holder's inequality, 



\d£l a (x,v)\<l 



l [/l (t>)(|A/ a (x, x'; A l)\d»l a (x, v)\dir 

< I j l^)(|AZ Q (x,x>)| Al) Q d7r)" 

'\dH a {x,v)\<\ J 

x( / lu^vWzl^v^dv) 1 '" 

y J\dH a {x,v)\<l ' 



< C\x-x' 

< C\x-x 



( / lu^vWUx^Fdir) 

J\d2l a (x,v)\<l 



1-- 



'1/3- 
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and 



/ l C / 1 (^)(|A/ Q (x,x / ;u)| A l)\dH a (x,v)\dir 

J \8W a (x,v)\>l 



< / l r/l (u)(|A/ Q (x,x / ;u)| A l)|^/ a (x,u)| Q (i7r 

J \8H a (x,v)\>l 

< C\x-a/f-W. 



Hence, 



A u < C\x-a/f-W,A 12 < C\ 
Since A 2 (x) consists of the sum whose terms are of the form 



J d v+K f(x + l a ) J] ffrsr a (hr 



with the non-zero multiindices 7* € Nq such that Yl Ki ^o j 7j = t 1 an< ^ I A*l — 
\k\ > 2, we estimate the differences of a generic term 

A 2 (x) = j d v+K f{x + i a { x ,v)) H arir a (x,v)d*. 

We have 

\A 2 {x) - A 2 {x')\ 

< J\d»+ K f(x + l a (x,v))-d v+K f(x' + l a (x',v))\ \6rir a (x,v)\dir 
+ sup|a^ +K /(x)| ! I \\ d^Ux.v)- n 6rtr a (a/,v)\dn 



^1 Ki^0,j Ki^OJ 



= A 2l +A 22 . 
First, by Lemma Q3] with A = a, 



I21 < / {\x-x'f-W + \Al a (x,x';v)\Al) ]J ^U^v)^ 



< C|/l/3+iE / (k-^r [/3] + |A/ Q (x,x';t;)| Al)[|^7 Q |^l VQ + |^/ a r]rf 

< c\fy +1 \x- x f-w, 
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and 



a 2 2 < \f\ P f 1 n ^Ux,v)~ n d^ii(x',v)\dir 

< c\f\ p Yl {J v \^ux, x ',v)\^ a d V y^ ] 



x(/ \A8P*r a (x,x , ,v)\ a d-n) 



a(l-0(a,j)) 

< C\f\ p \x-x'f-W. 

Estimate of T%. The part T^{x) consists of the sum whose terms are of 
the form 

" e a (v)d»+ K f(x + l a ) [] d^lidir 

with the non-zero multiindices 7* € Nq such that Yl Ki ^o j 7j = \i and > 
\k\ > 1. By Lemma [T4l 



e a (v)d u+K f{x + i a ) 11 erffydxl 



< c\fy. 

For x, x' G R d , 



< 



C J \d» +K f(x + l a (x,v))-d» +K f(x' + l a (x',v))\ H \d^li(x,v)\dir 

/ 1 n n ^^^i^ 



A + B. 
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For the first term, by assumption A3(/3) with ft < [3, 

+ \fUp> I 'e Q (v){\Al a (x,x';v)\Al) {a+ P'~ mA1 [J \d^li(x,v)\d7r} 

By Lemma PHI with A = 1, 

J e a {v)(\Ac(x,x';v)\Al) ia+,3 '~ mM \\ |d 7 V(x, v)\dir 

r IK 

< Oa(v){\Ac(x,x'-,v)\Aiy a ^- mA \\d^h i \ + \d^h i \ h V)dn 

< C\x-xf-W. 

and 

, r M. 

J e a (v) J] \dVii(x,v)\dir < J e a {v){\d^ a \ + \d^ a \^d-K<c. 

Hence, A < C\f\ a+p i\x - x'\P~W. 
By lemma O with A = 1, 



Je a (v)\ [] drir a (x,v)- J] d^ii(x',v)\dir 

< C Y {{ O a {v)\d^Ux,v)-d^Ux',v)\^di:) 



+ J e a (v)\d^li(x,v) - d^r a (x',v)\d7r} 
< C\x-x'f~W. 

Thus 

\T 2 (x)-T 2 (x')\<C\f\ a+p ,\x-x'f-W. 
The statement follows by the standard interpolation inequalities. 
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3.2. Proof of Theorem^ and Corollary \10\ 

It is well known that for an arbitrary but fixed 5 > there is a family 
of cubes D k C D k Q R d and a family of rj k G Co°(R d ) with the following 
properties: 

1. For all k > l,D k and D k have a common center d\a,va.D k < 5, 
dist(D k ,K d \D k ) < N5 for a certain constant N = N(d) > 0, \J k D k = 
K d , andl<£ fc l^ <2 d . 

2. For all fc, < rj k < 1, r/ fc = 1 in D k ,r] k = outside of -D^ and for all 
multiindices 7, |9 7 ^ fc | < C(d,5, < 00. 



For a e (0, 2], A > 0, A; > 1, denote 
4 a >'*/0«0 = 4? /(x), C[ a) ' k f(x) = (I- + 4°^ - A)/(x), 



E^' k f(x) = [f(x + y)-f(x)][r, k (x + y)-r lk (x)}rh a (x k ,y) 



dy 



\y\ 



d+a ' 



= /[/(x + yJ-ZCxJlt^Cx + y)-^)]^, 



|y| c 

F (a),fc /(x) = /( x )^ % ( x ),F 1 (a) 'V(x) = /(x)|ar % (x),xGR d . 
We will need to estimate these operators. 
Lemma 16. Let a € (0, 2] and /3 > 0,/3 £ N . Then 

a) for each e > 0, t/iere exists a constant C £ such that for all f € C^(R d ), 

sup + 141/1/3) < e\\d\"f\ p + C £ |/|^_ [/3] ; 

b) There is a constant N = N(a, f3,d,5,M^) such that for all f € 
C0(R d ), 

sup {\F^fy + \F$fy) < N\f\p. 

k 

Proof. For any n > 

E^ k f(x) = I I f (Vf(x + sy),y)(Vr ]k (x + ry), y ) f i k a) (dy)drdsl {a > 1} 
JO JO J\y\<K 

+ f 1 f [f(x + y) - f(x)](V Vk (x + ry), y )fi k a \dy)drl {a<1} 
J\y\>K 
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where jJj?\dy) = fh a (x k ,y)\y\ d a dy. Clearly, 



\E^ k f\ p < c{l {a>1} \Vf\^ p [ \y\- d - a+2 dy 

1 J\V\<K 

+l/l/»(l{«<i} [ \y\- d - a+1 dy+ I \y\- d - a dy)\ 

V J\V\<K J\V\>K ' ' 



The part b) is straightforward. 



3.2.1. Proof of Theorem^ 

It can be easily seen that for any / E C a+ @ (R d ), 

sup |/(a;) | < supsupr/ fc (x)|/(x)| = supsup|?? fc (x)/(x)|, 

x x k k x 

1/1/3 < sup \rjjy + N sup \f(x)\, sup \ Vk f\ < \f\p + N sup [/((£!$) 

k x k x 

Indeed, for each x, y € R rf , 

\dWf( X )-dWf(y)\ 

= sup Vk (x)\dWf(x) - dWf(y)\ = sup \r} k (x)dWf(x) - n k {x)d m f{y)\ 

k k 

< sup\d m r] k {x)f(x) - d W rj k {y)f(y)\ + sup \(rj k (y) - 7] k (x))u{y)\ 

k k 

< sup \dW {v k (x)f(x)) - dW (r, k (y)f(y)) \ 

k 



+C\f\a- 1 \x-y\ 



P- 



The second inequality in (j28j) then follows. Similarly we can prove the last 
inequality in (f28l) . 



By (gHD and Lemma 11 in [15] 



{flc+f, < Csup\f(x)\ + \\d\ a fy <sup\r 1k \d\ a f\p + Nsup\f(x) 



< C[sup I \d\ a ( Vk f)\ + sup \f\d\ a Vk + E^ k f\ p . 

k k 

and by Lemma [16] 



\f\a+p < Csup \rj k u\ a+ p. (29) 
k 

Let u € C a+ P(H) be a solution to (fT3|h Then r^-u satisfies the equation 

+r] k B ia) u + + F^ k u + £^' fc u, (30) 
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and by Proposition 1121 

\Vk<+P < C[\ Vk [A^u - A^ k u]\ p + \v k B^u\p + \ Vk f\ $ + \F^ k u\ p + \E^> k u 
Therefore, 

\u\ a+p <C[sirp\ri k f\p + ^], (31) 
k 

where 

/(«) = \ Vk [A ia) u - A ia) ' k u]\p + \v k B {a) u\ + \F^> k u\p + |^' fe «|^. 
By Corollary 14 0, 

Using the estimates of Lemma [16] and Proposition \TE\ we obtain that for 
each e > there is a constant C £ such that 

I {a) < e\u\ a+f} + C £ sup |u|. (32) 

t,x 

By m, 

\u\ a +j3 < C[\f\/3 + \u\p\. (33) 

On the other hand, (|3Q|) holds and by Proposition I12| 

M/3 < SUp \q k u\p < ll(\)[\f\/3 + 1(a)], 
k 

where /u(A) — > as A — > oo. Hence, by (j32j) . 

\u\ fi <Cn(X)[\f\p + \u\ a+p ]. (34) 

The inequalities (133|) and (I34p imply that there exist Ao with < Ao < A 
and a constant C independent of u such that 

\u\ a+p < C\f\ (35) 

If u e C a+I3 {H) solves equation (pj with A < A , then u(i, x) = e" (A °~ A) *n(t, x) 
solves the same equation with Ao, and by ([35]) . 

\u\ a +p < e^°-^ T \u\ a+ p < Ce^°-^ T \f\ p . 

Thus (I35D holds for all A > 0. Again by Proposition 1121 and (I29p . there is a 
constant C such that for all s < f < T, 

[«(*, •) - «(s, -)U/2+/3 < sup \rj k u(t, •) - rj k u(s, -)U/2+/3 < C(t - s) 1/2 [\f\$ + \u\ a+ p] 
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Therefore there is a constant C such that for all s < t < T, 
\u{t,-) - u{s,-)\ a/2+p <C{t - s) 1 ' 2 ^. 

Let C = A x a) + B x a) — A, r G [0, l] , and 

C t u = tCu+ (1-T)\d\ a u. 

We introduce the space C a+I3 (H) of functions u G C a+/3 {H) such that for 
each (t,x), 



where -F G C^(-ff). It is a Banach space with respect to the norm 



Consider the mappings T T : — > C 3 defined by 

ii(t,x)= / F( y s,x)ds\ — > F — C T u. 
Jo 

Obviously, for some constant C independent of t 

\T T u\ „ < C\u\ . a . 

On the other hand, there is a constant C independent of t such that for all 
u G C a+ P(H) 

\u\ a+ p < C\T T u\ p . (36) 

Indeed, 

u[t,x) = / F(s,x)ds = / (L T u + (F — £ T u)) ds. 
Jo Jo 

According to (|35p . there is a constant C independent of r such that 

\u\ a+ p<C\T T u\ p = C\F - C T u\ p . (37) 

Thus, 

\ U \a+P = \ u \a+/3 + \F\/3 < \u\a+P + \F ~ £tU\/3 + \ZrU\j3 

< C\u\ a+ /3 + \F — C T u\p < C\F — C T u\p = C\T T u\p, 

and (|36p follows. Since To is an onto map, by Theorem 5.2 in 0], all the T T 
are onto maps and the statement follows. 
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3. 2. 2. Proof of Corollary \M 

By Corollary 14 in (ljj and PropositionCESl for g G C a+ > 3 (R d ), \A^g\p < 
C\g\ a+ p and \B^g\p < C|g| Q+( g with a constant C independent of / and g. 
It then follows from (|13p that there exists a unique solution v G C a+ ^(H) 
to the Cauchy problem 

(a t + 4 a ) + 4 a ))s(t,x) = /(t,x)-4 a ) 5 (x)-4 Q ) 5 (x), 

v(T,x) = (38) 

and |u| a +/3 < C(McH-/S + l/l/?) with C independent of / and g. Let v(t, x) = 
v(t, x) + g(x), where v is the solution to problem (f38j) . Then u is the unique 
solution to the Cauchy problem (fT5|) and |f| Q -+ ( g < C{\g\ a+ p + \f\p). 

Remark 17. // the assumptions of Corollary hold and v G C a+ ^{H) is 
the solution to (I15p . then dtv = f—AxV—Bx V, and according to Corollary 



14 in [15[ and Proposition [75l \dtv\p < C(\g\ a+ p + \f\p)- 



4. One Step Estimate and Proof of the Main Result 

The following Lemma provides a one-step estimate of the conditional 
expectation of an increment of the Euler approximation. 

Lemma 18. Let a G (0, 2], /3 > 0, P £ N, and 5 > 0. Assume Al-A4(/3) 
hold. Then there exists a constant C such that for all f G C^(R d ), 

\B[f(Y s )-f(Y T J\T Tis ]\<C\f\p5^\Vse[0,n 
where i s = i if Tj < s < Tj + i and n(a,(3) is as defined in Theorem^ 

The proof of Lemma [18] is based on applying Ito's formula to f{Y s ) — 
f(Y Ti ), f G C^(R d ). If j3 > a, by Remark[6]and Ito's formula, the inequal- 
ity holds. If /3 < a, we first smooth / by using w G C^°(R rf ), a nonnegative 
smooth function with support on {|x| < 1} such that w(x) = ui(|x|), x G R d , 
and J w{x)dx = 1 (see (8.1) in [3J). Note that, because of the symmetry, 

x i w(x)dx = 0,i = l,...,d. (39) 

For x G R rf and e G (0, 1), define w e {x) = s~ d w(^) and the convolution 

f £ {x) = f f(y)w £ (x - y)dy = f f{x- y)w e {y)dy, x G K d . (40) 
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4-1. Some Auxiliary Estimates 

15 ] the following estimates for and f £ were proved. 



In 



Lemma 19. (Lemma 21 in [15]) Let a G (0,2), /3 < a, f3 7^ 1, and e G 
(0,1). Then 

(i) i/iere exists a constant C such that for all f G C^(R d ),x G R d , 

|/ £ (x)-/(x)|<C^|/|^; 

(ii) i/iere exisis a constant C such that for all z,x G R d , 

\A^f(x)\<Ce~ a+ e\f\p (41) 
and in particular, for all f G C^(R d ), z, x G R d , 

|5 a / e (x)|<Ce-^|/|^; (42) 

(iii) for k, I = 1, . . . , d, x G R d , 

|5 fc / e (x)| < Ce- 1 ^]/]^, < 1, (43) 

l/ £ |i < C|/|l, 

|^r(x)| < Ce- 2+ P\f\ , ifP<2, 

and 

\f\a < Ce- a +P\f\ p , i/«G(l,2),^(0,l], (44) 

I^V/^x)] < Ce- a+ ^|/|^, z/«G(l,2),/3G(l,a). (45) 

Corollary 20. Assume a(x) and 

[luMM^Mr + lui(v)\Ux,v)\ aM A l]7T(di;), 

are bounded, e G (0,1). TTzen there exists a constant C such that for all 
z,x G H d , f G C^(R d ), 

\B^f(x)\<Ce- a ^\f\^. 
Proof. If /3 < a < 1, by Lemma [T3l 

/ e (x + y)-/ e (x) = y k^iy^d-fix-y^dy', 
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and by Lemma [T9| (|4"2"|). 

\f(x + y)- f(x)\ < Ce-^\f\p(\y\ a A l),x,y G R d (46) 

and 

\f( x + l a ( x , v ))-f( x )\ < Ce- a+f> \f\p(\l a (x,v)\ a Al) 

< C£- a+ ^\f\p[l Ul (v)\l a (x,v)\ a + l Uf (v)(\l a (x,v)\ 
If /3 < a = 1, by Lemma [TSfii) and (03]), 

+ < Csuplf(x)\ + \Vf(x)\}(\y\ A 1) (47) 

< Ce-^I/I^Ij/I Al),x,y £R d 

and 

\f(x + h(x,v))-f(x)\ < Ce- 1+ ^|/|^([ii(x,t;)[Al) 

< Ce-^l/l^l^^l/Kx^)! + luc(v)(\h(x,v)\ A 

Assume a G (1, 2), then for x, y G R rf , 

/ £ (x + y)-/ £ (x)-(V/ £ (x),y) = f 1 (Vf(x + sy)-Vf(x),y)ds. (48) 

■/ o 

If /3 G (l,a), then by Lemmas [TBI [T9l and (jMD, for G R d , 

|Vr(x + yO-V/ £ (x)| < Csupl^V/^x)! | y r _1 (49) 

If /3 > a > 1, then directly 

\Vr( x + y')-Vf{x)\<C\f\ p \y'r\ 
If /3 G (0, 1], a G (1, 2), then by LemmaOH (@5D, 

\Vf(x + y') - Vf(x)\ < Ce-^ly'r 1 ^ (50) 
Applying (g9]), ([22) to (g8]) we have for x,y G R d , 

l/ £ (x + 2/) - / £ (x) - (V/ £ (x), y)| < Ce- a+ P\y\ a \f\p. 

Hence, 

1^)1/* (x + Z a (x,u)) - f{x) - (Vf(x),l a (x,v)\ < Ce- a+ P\l a (x,v)\ a \f\p. 
Also, for a > 1,(3 G (l,a), 

l^)|.f(x + / Q (x,i;))-.f(x)j < C|/|^(|/ Q (x,t;)| Al). 
Therefore, the statement follows by the assumptions and Lemma [191 ■ 
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4 ■ 2. Proof of Lemma [721 

If P < a , define f £ by (f4"0"j) for e S (0, 1) and apply Ito's formula (see 
Remark [6]): for s G [0,T], 

E[f(Y s ) - f(Y T J\T T J = E[ f (A™ f e (Y r ) + f(Y r ))dr\F Tis \. 

'' T is 

Hence, by Lemma [T9l and Corollary [201 f° r e S (0, 1), 

\E[f(Y s )-f(Y T J\T T J\ < |E[(/ - f)(Y s ) ~ (/ - f £ )(Y Tis )\T Tis }\ 

+\nr(Y s )-f(Y T j\T Ti3 }\ 

with a constant C independent of e, /. Minimizing e 13 + 5e~ a+ ^ in e £ (0, 1), 
we obtain 

mf(Y s )-f(Y T J\T Tia ]\<C6^\fy. 
If P > a, we apply Ito's formula directly (see Remark [6j): 

E[f(Y s )-f(Y T J\T T J = B\ f /(F r ) + Bg ) . 

Hence, by Corollary 14 in |15j | and Lemma \19\ 

\E[f(Y s )-f(Y T J\T T J\<C5\f\p. 
The statement of Lemma [THl follows. 

4-3. Proof of Theorem^ 

Let v e C a+ P{H) be the unique solution to (|15p (see Corollary I10p. By 
Ito's formula (see Remark [6[ (fTTj) ) and (fT5|) ). 

Eu(0,X ) = Ev(T,X T )-E {dtv(s,X s ) + A i x ) v{s,X s ) + BPv(s,X s )]ds 

Jo 

= E[g(X T )- [ f(X s )ds], 
Jo 



and 

Ev(0,X Q ) = Eu(0,y ). (51) 



By Proposition [15l Corollaries 14 in 15(],[T0]and Remark 1 17[ 



[4 a )«( 8 ,.)li8 + [BS a) «(s,0l/9 < C\v\ a+p <C\g\ a+0 , (52) 
|3t«(s,0l/9 < C| 5 | Q+/3 , S G [0,T]. 
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Then, by Ito's formula (Remark [6l (jlip ) and Corollary 1101 with (|5ip and 
([32]) . it follows that 

E 5 (Y T ) - E 5 (Y T ) - E / T /(Y T )da + E f(X s )ds 

Jo Jo 

= E«(r,y r )-E«(o,y )-E / /(Y T . )ds + E / /pr.)<fa 

= E / {[$«(a,Y s ) y Ti J] 

JO 

v ( s ,y s )-4^ »(.,y T j]}<fa. 

Hence, by (f52"j) and Lemma [TBI there exists a constant C independent of 
g such that 

|E 5 (Y T ) - Eg(X T )\ < C5 K ^%\ a+p . 
The statement of Theorem [TJ follows. 
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